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The vibration in tyres submitted to random forces in the contact zone is investigated with
the model of prestressed orthotropic plate on visco-elastic foundation. It is shown that
beyond a cut-on frequency a single wave propagates whose speed is directional-dependent. A systematic numerical exploration of the governing equation solutions shows that
three regimes may exist in such plates. These are modal field, diffuse field and free field.
For actual tyres which present a high level of damping, the passage from low to high
frequencies generally explores the modal and free field regimes but not the diffuse field
regime.
& 2016 Elsevier Ltd. All rights reserved.
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1. Introduction
It is commonly acknowledged that traffic generates considerable noise nuisance making our cities as stressful and unpleasant places: the scientific evidence on health effects of environmental noise (in particular of traffic noise) is now well
established [1]. Tyre/road interaction noise is the main source of traffic noise for velocities above 40 km/h in normal driving
conditions [2]. Furthermore, these last years, substantial progress was performed on the reduction of the engine noise of
vehicles, making the rolling noise more perceptible [3].
Several physical mechanisms are responsible for the tyre/road noise generation affecting particular frequency domains,
with more or less pronounced contributions depending on the road and tyre characteristics [4]. The main generation
mechanisms consist of the tyre belt radiation and air related mechanisms within the contact zone (air-pumping), both
influenced by the horn effect. The noise emitted by the tyre structural vibration, reckoned to predominate in the low and
medium frequency range, is produced by contact force fluctuations due to the road surface roughness and the tyre tread
blocks.
Numerous physical models have been developed to address the tyre belt radiated noise generation, related to either the
tyre dynamic behaviour, tyre/road contact or noise radiation from the radial tyre belt velocity. Quite a few provide a
complete implementation from road texture data to noise levels (see for instance [5–9]). The vibrational behaviour of the
tyre is a key input for these evaluations.
In the literature, two types of vibrating tyre model have been used: numerical and analytical models. In the first category,
we usually find finite element models with more or less refinement [10–13]. The advantages of numerical models are their
n
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precision in the description of details and their realism. But they are generally time consuming and for this reason limited to
low and mid frequencies, although computational costs can be substantially reduced by the waveguide finite element
approach [14–17]. In the second category, several authors proposed two-dimensional models [18–20] where the tyre is a
circular ring. The advantage of the ring model is its simplicity as well as a good description of the vibration at low frequencies. Soedel and Prasal [21] explored the effect of contact in natural frequencies while more elaborated models have
been proposed for higher frequencies [22]. In Ref. [9], Kropp proposed a simple analytical model where the tyre including
the belt and sidewalls is approached by a prestressed orthotropic thin plane plate on an elastic foundation. This model valid
above the ring frequency has the advantage that the modal basis is known analytically which drastically simplifies the
computations [23].
This paper outlines the question of the characterisation of vibrations in tyres with the model of prestressed orthotropic
plate on a visco-elastic foundation. In contrast with previous studies of tyre vibration, we shall adopt a double point of view
based on statistical considerations and an energetic approach. The statistical point of view means that we shall not try to
investigate the details of the vibration field or the properties of a particular mode, but, only their overall features when all
modes respond to a broadband random force. We shall obtain a classification in only three types of energy repartition, one
type when the response is dominated by few modes, a second type is the diffuse field state and the third one is when rays
are highly absorbed with a domination of the direct field.
The paper is organised as follows. In Section 2, we present the model of tyre in contact with a rough road. In Section 3 the
main statistical parameters that drive the behaviour of vibrational field in tyres are introduced. Then we present in Section 4
a numerical evidence of the existence of three vibrational regimes in tyres. In Section 5, the effect of the contact area is
discussed and the previous observations are adjusted. Some conclusions are given in Section 6.

2. Description of the tyre model
Due to loading, the tyre deforms on the road surface to make a contact zone of a few tens of square centimetres. Contact
forces are generated at the tyre/road interface whose fluctuations due to rolling create vibrations of the tyre belt. Out-ofplane vibrations with respect to the steady state tyre deformation are of importance for noise generation. We adopt the
analytical model of prestressed orthotropic plate on visco-elastic stiffness as proposed in Ref. [9]. The Green's function is
given in Ref. [23]. The tyre is virtually unwrapped in the circumferential and lateral directions as a plate (Fig. 1). It is
considered periodic in the circumferential direction and fixed at the rim on both lateral edges. The tension in the plate and
the visco-elastic bedding are due to the tyre inflation. The normal displacement of the plate stands for the radial displacement on the real tyre.
2.1. Random force
The tyre is excited by time-varying external forces whose origin is the mechanical contact between tyre and road. During
the rolling process, a point in the tyre tread which enters into the contact zone submits a normal force in the radial
direction. This force is relaxed when the point leaves the contact zone. Furthermore, the topography of road and texture of
the tyre tread induces temporal fluctuations of the force during the passage in the contact zone. Of course, a complete
determination of the force field is a complex problem of contact mechanics that requires in general a high quantity of
computations [24,25]. However, for the sake of simplicity, we shall only retain in the model the main features of the force
field.
The most important characteristic of contact forces is their random nature whose origin stems from the random nature
of the road surface. The time-correlation of the force is of order of the passage time of an asperity into the contact zone that
is few milliseconds. Whereas the spatial-correlation of contact pressure is of order of the asperity size that is few millimetres. The force pressure may therefore be conveniently modelled as a stochastic process δ-correlated in time and space.
For such a “rain-on-the-roof” excitation, the power spectral density S0 is the same at any point and is constant in frequency.
The analysis of vibration will be conducted in frequency bands Δω centred on ω0 taken conventionally as octave bands. Since
the power spectral density is constant, the root mean square value of force in Δω is

Fig. 1. Tyre-road model. Left, the tyre is virtually unwrapped. Right, equivalent prestressed orthotropic plate under visco-elastic foundation.
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(1)

This simplified model of contact forces is well supported by experimental observations [26].

2.2. Prestressed orthotropic plate on visco-elastic foundation
The governing equation for out-of-plane vibrations in a prestressed orthotropic plate on a visco-elastic foundation is

⎡⎛
2
⎢ ⎜ Bx ∂ +
⎢⎣ ⎝
∂x2

By

2
⎤
⎛ ∂2
∂2 ⎞
∂2 ⎞
∂
∂2
⎟ − ⎜ Tx 2 + Ty 2 ⎟ + S + c + m 2 ⎥ v = f (x, y , t )
2
⎝ ∂x
∂y ⎠
∂y ⎠
∂t
∂t ⎥⎦

(2)

where v (x, y, t ) is the displacement field in direction normal to the plate and f (x, y, t ) is the contact force field. In the above
equation, m denotes the mass per unit area in kg/m2, Tx (resp. Ty) is the x -component (resp. y -component) of the tensile
force in N/m imposed by the air pressure (always positive), Bx (resp. By) is the bending stiffness in the x -direction (resp. the
y -direction) in N m, S is the stiffness per unit area in N/m3 of the elastic foundation, and c a viscous damping coefficient in N
s/m3.
In the circumferential direction, the tyre is assimilated a cylinder of perimeter a. The equivalent plane plate must
therefore satisfy four periodic conditions

v (0, y , t ) = v (a, y , t )

(3)

∂v
∂v
(0, y , t ) =
(a, y , t )
∂x
∂x

(4)
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2
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(0, y , t ) = 3 (a, y , t ) + (2 − νy )
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∂x3
∂x∂y2
∂x
∂x∂y2

(6)

where νx and νy are the Poisson coefficients respectively in directions x and y. The four conditions give respectively the
continuity of deflection, rotation, moment and shear force.
At the edges of sidewalls, the tyre is fixed on the rim so that the vibration is zero on the edges but a rotation is allowed by
deformation of the elastomer. The most simple and idealised conditions for a plate of width b are the simply supported
boundary conditions,

v (x, 0, t ) = 0

(7)

v (x, b, t ) = 0

(8)

∂ 2v
∂ 2v
(x, 0, t ) + νx 2 (x, 0, t ) = 0
∂y2
∂x

(9)

∂ 2v
∂ 2v
(x, b, t ) + νx 2 (x, b, t ) = 0
∂y2
∂x

(10)

We may remark that in Eqs. (9) and (10) all partial derivatives with respect to x vanishes since the function x↦v (x, 0, t ) is
null (idem for x↦v (x, b , t )). A similar remark applies to Eq. (5). The equality of functions y↦v (0, y, t ) and y↦v (a, y, t ) implies
the equality of their second spatial derivatives with respect to y. For Eq. (6), the equality of the third derivative with respect
to x and y comes from Eq. (4). We therefore obtain an equivalent set of boundary conditions by cancelling all terms where νx
or νy appears in Eqs. (3)–(10).
The mode shapes of the above boundary value problem are

⎛
x ⎞ ⎛ y⎞
ψij1 (x, y) = aij cos ⎜ 2iπ ⎟ sin ⎜ jπ ⎟
⎝
a⎠ ⎝ b⎠

i = 0, 1, … j = 1, 2, …

⎛
x ⎞ ⎛ y⎞
ψij2 (x, y) = bij sin ⎜ 2iπ ⎟ sin ⎜ jπ ⎟
⎝
a⎠ ⎝ b⎠

i = 1, 2, … j = 1, 2, …

In the above expression, the subscript i starts at 0 in
and bij are given by

(11)
(12)

ψij1 and 1 in ψij2 while j always starts at 1. The normalizing factors aij
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∫0 ∫0

b

⎡ ψ (x, y) ⎤2dxdy = 1
⎣ ijk
⎦

(13)

2/(ab) if i¼0 and aij = bij = 2/ ab otherwise. The eigenvalues of these eigenmodes are

We get aij =

2
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⎛ jπ ⎞2⎤
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⎡
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⎝ a ⎠
⎣

(14)

where ωij is the natural frequency (rad/s) of mode i , j . Note that modes (i, j, k ), k¼ 1,2 are degenerated when i ≥ 1 and form
an eigenspace of dimension 2.
For the sake of simplicity, we shall write the mode shapes ψα (x) where α = (i, j, k ) is a triple subscript and x = (x, y ) is a
point. The transfer mobility (frequency response function between a force applied at x 0 and the vibrational velocity at x ) is
then

Y (x, x 0; ω) = iω ∑
α

where ωα denotes

ψα (x) ψα (x 0)

(

m ωα2 + iηα ωωα − ω2

)

(15)

ωij, ηα = c /(mωα ) is the damping loss factor and i = −1 the complex imaginary unit. After simplifying

Y (x, x 0; ω) = iω

∑

i ≥ 0, j ≥ 1

(

x −x

) ( ) (
y

0
4ϵi cos 2iπ a sin jπ b sin jπ
2
ab
m ωij + iηij ωωij − ω2

(

)

y0
b

)

(16)

where ϵ0 = 1/2 and ϵi = 1 for i > 0.
2.3. Numerical values
Typical values for the orthotropic plate parameters can be found in the literature [9,27,28]. Geometrical parameters and
mass per unit area can be measured directly. The determination of other parameters is not straightforward. They are determined from point mobility measurement results. In Ref. [27], parameters are identified by curve fitting between the
measured and calculated mobility using a Simplex search method. In Ref. [28], the bedding stiffness, bending stiffness in
circumferential and lateral directions and tension are determined separately by physical considerations. The numerical
values of physical parameters are those of a radial slick tyre 155/70R13 inflated at 2 bars given in Ref. [27]. They are listed in
Table 1 while the first natural frequencies are given in Table 2.

3. Statistical properties of tyres
In this section, we introduce the main parameters relevant to a statistical description of vibrational field on a tyre.
3.1. Wave speed
The wave propagation analysis is conducted in the undamped case (c ¼0). Let us consider a plane wave propagating in
direction θ with respect to the circumferential direction. The θ -travelling wave is of the form
v (x, y, t ) = exp ( − ikx cos θ − iky sin θ + iωt ) where the wavenumber vector is (k cos θ , k sin θ ). The dispersion relationship is
obtained by substituting this solution in the undamped governing equation. It gives

(17)

Bk 4 + Tk2 + S − mω2 = 0
where B (resp. T) denotes the effective bending stiffness (resp. effective tension) in direction θ. They are given by

B (θ ) =

(

Bx cos2 θ +

By sin2 θ

)

2

(18)

T (θ ) = Tx cos2 θ + Ty sin2 θ

(19)

Eq. (17) is a biquadratic polynomial equation. Let X = k2, the discriminant of P (X ) = BX2 + TX + S − mω2 is
Table 1
Parameter numerical values of the orthotropic plate under tension and on elastic foundation.
Parameter

a

b

m

Bx

By

Tx

Units
Value

m
1.78

m
0.32

kg/m2
12.4

Nm
20

Nm
8

N/m

N/m

N/m3

3 × 104

8 × 104

1.3 × 106

Ty

S
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Table 2
Natural frequencies of the orthotropic plate under tension and on elastic foundation.

(0, 1)
134.0

Mode (i,j)
Frequency (Hz)

(1, 1)
137.0

(2, 1)
146.1

(3, 1)
160.9

(4, 1)
181.0

(5, 1)
206.3

(6, 1)
236.4

(0, 2)
259.8

(1, 2)
261.7

(2, 2)
267.6

Δ = T2 − 4B (S − mω2). It is non-negative when mω2 ≥ S − T2/4B . But the numerical values of Section 2.3 indicates that
S − T2/4B < 0 and thus Δ ≥ 0 for all ω ≥ 0. The two roots of P(X) are

X1 =

−T − Δ
2B

(20)

X2 =

−T + Δ
2B

(21)

The first root is always negative. The related wavenumbers k = ± X1 are purely imaginary and therefore give rise to
evanescent waves. The second root X2 may be positive or negative. Its sign depends on the cut-on frequency

S
m

ωcut − on =

(22)

When ω < ωcut − on , X2 < 0 and again the associated waves are evanescent. Thus, no wave propagates in the plate below
ωcut − on . When ω ≥ ωcut − on , X2 ≥ 0 and we obtain two propagating waves whose wavenumbers are ±k (ω) with

k (ω) =

−T +

T 2 − 4B (S − mω2)
2B

(23)

In summary, in a plate whose governing equation is Eq. (2), no wave can propagate below the cut-on frequency given in Eq.
(22). Above the cut-on frequency, a single wave can propagate whose wavenumber is given in Eq. (23). The phase speed is

cφ =

ω
k (ω)

(24)

while the group speed is

cg =

dω
1
=
dk
k′(ω)

(25)

where k′(ω) is the derivative of k with respect to ω.
Fig. 2 shows the four wavenumbers solution to Eq. (17) in the complex plane for all ω ≥ 0. The four wavenumbers are
purely imaginary at ω = 0 (circles in Fig. 2) and do not lead to propagation of waves. Two wavenumbers remain purely
imaginary and goes to ±i∞ when ω → ∞. The two others are first purely imaginary and then purely real above the cut-on
frequency (see the inset). They go to ±∞ when ω → ∞. These wavenumbers are responsible of propagation in tyres.
The phase and group velocities of a right-travelling wave are shown in Fig. 3. The cut-on frequency is 45 Hz. No wave can

Fig. 2. Wavenumbers in tyres represented in the complex plane versus frequency: (a) circumferential direction; (b) lateral direction. At ω = 0 the four
wavenumbers (o) are purely imaginary. The transition to real wavenumbers (inset) takes place at the cut-on frequency.
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Fig. 3. Wave speeds in tyres: (a) circumferential direction; (b) lateral direction. The cut-on frequency is 45 Hz.

propagate below the cut-on frequency while only one wave propagates above the cut-on frequency. The group speed is an
increasing function of frequency. The group speed is very low just above the cut-on frequency and has a point of inflection
about 100 Hz (circumferential) or 200 Hz (lateral). Above inflection, the group speed increases more rapidly. The phase
speed is first a strongly decreasing function of frequency just above the cut-on frequency. It is stable in the range 100–
400 Hz (circumferential) or 100–800 Hz (lateral) with a minimum value of 56 m/s (circumferential) and 83 m/s (lateral).
Above this transition range, the phase speed increases like ω1/2.
In the asymptotic limit ω → ∞, it may be seen from Eq. (23) that the phase velocity is (B /m)1/4 ω1/2 and the group speed is
cg = 2cφ which are the velocities in a simple plate in transverse vibration (no prestress and no elastic foundation). The
domain of high frequencies is therefore dominated by the bending effect. But at low frequencies between the cut-on frequency and 400 Hz, we observe a large difference between phase and group speeds which cannot be reduced to a constant
ratio. This domain is dominated by the effect of the elastic foundation which imposes a cut-on in wave propagation and
therefore an arbitrarily high phase speed. These observations are in agreement with previous studies [19].
3.2. Number of modes
The first statistical parameter of interest is the number of modes in the frequency band Δω also called mode count. This
parameter is denoted as N (ω) in the following. A dual parameter is the modal density defined by n (ω) = N (ω) /Δω . The modal
density is the mean number of modes per unit frequency (in rad/s). The modal density may be assessed by at least three
methods.
The most direct method consists in an analytic count by calculating all eigenfrequencies with Eq. (14). The resonant
modes are those whose natural frequency is within Δω . Their number N (ω) and therefore the modal density n (ω) is determined by a simple algorithm. This may be written

n (ω) =

1 ⎡
⎣ Card { j ≥ 1|ω 0j ∈ Δω} + 2 × Card { i ≥ 1, j ≥ 1|ωij ∈ Δω} ⎤⎦
Δω

(26)

where Card denotes the cardinal number of the set of integers i, j for which the natural frequency ωij is contained in the
frequency band Δω . The two terms correspond to the two cases i ¼0 and i ≥ 1. In the case i¼0 a single mode is present while
two modes are attached to each couple i , j when i ≥ 1. This explains the presence of the factor 2 in the second term.
A second method is based on an asymptotic estimation of the modal density. The modal density of a general anisotropic
plate has been studied by Langley [29]. If the plate has area A¼ab and waves travel at group speed cg (θ ) and phase speed
cφ (θ ) in direction θ, then the modal density is

n (ω) =

Aω
2π 2

∫0

π

dθ
cφ (θ ) cg (θ )

(27)

Let us remark that for Love plates (Tx = Ty = S = 0 and Bx ¼By) cg and cφ are proportional to the root mean square of the
frequency and therefore the modal density is constant for all frequencies. But in general the proportionality cφ, cg ∝ ω1/2
does not hold and the modal density is not constant.
The third approach is an estimation of the modal density by the mean mobility. Bourgine [30] proposed to estimate the
modal density by
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Fig. 4. Modal density in tyres versus frequency. + , analytic count of modes by Eq. (26); − ., asymptotic estimation by Eq. (27); o, mean mobility estimation
by Eq. (28). In the asymptotic limit ω → ∞ the modal density is constant.

n (ω) =

2M
πAΔω

∫A ∫Δω Re ⎡⎣ Y (x, x; ω) ⎤⎦ dωdAx

(28)

where Y (x, x; ω) is the point mobility at x and Re denotes the real part. Eq. (28) shows that the spatial and frequency
average the driving-point conductance (real part of the mobility) is proportional to the number of modes in the frequency
bandwidth. The main interest of Eq. (28) is that it allows a direct measurement of the modal density. For this purpose, the
driving-point mobility must be measured over the frequency band of interest in several positions on the tyre and then
averaged for all these positions. In practice, few points are necessary to get a good estimation of the modal density.
Fig. 4 shows the modal density estimated by the above three methods. We can observe that in the asymptotic limit
ω → ∞ the modal density reaches a limit. This is consistent with the fact that the plates behaviour is dominated by flexural
effects at high frequencies and therefore the modal density becomes constant as for any Love plate. But at low frequencies,
the modal density has a more complicated behaviour. Its limit is zero in the neighbourhood of ωcut − on since the phase speed
becomes infinite. The estimation by the mean mobility is done with a single point (the source position x 0 ). It may be seen
that the estimation is quite good excepted below 300 Hz. This shows that Eq. (28) is robust even with a single point mobility.
The mode count gives the size of the population of resonant modes. Due to their frequency proximity with excitation, the
resonant modes are the main contributors to the vibration. The size of the population of modes is the first criterion to check
before to adopt a statistical description of the vibrational field. For instance at 1 kHz, the number of resonant modes in an
octave is N¼192 which is usually enough to treat them as a statistical population by forgetting their exact natural frequencies.
3.3. Modal overlap
The second statistical parameter is the modal overlap. The modal overlap is defined by

M (ω) = η (ω) ωn (ω)

(29)

where η (ω) is the mean damping loss factor at frequency ω (over a significant number of modes about ω) and n (ω) the
modal density.
The modal overlap is a measure of the overlapping of successive modes. If Δ = ηω denotes the half-power bandwidth
(width of a frequency peak at −3 dB) of a mode at frequency ω and 1/n the mean frequency span between two successive
modes, then the modal overlap is the ratio between the half-power bandwidth and the mean frequency span. A modal
overlap of 1 means that a resonance peak can emerge by only 3 dB before the following mode starts to emerge.
The modal overlap allows to distinguish two regimes in tyres. When the modal overlap is low (see Fig. 5a), the resonance
peaks are well separated in the mobility function. All resonances are clearly visible on the mobility and for instance the
experimental modal analysis will be efficient to identify the modes. In this modal regime, all modes take part of overall
dynamics and the exact knowledge of their natural frequencies and shapes is of a great importance to characterise the
vibrational field. But when the modal overlap is high (see Fig. 5b) most of modes overlap and their frequency peaks are
usually no longer visible on the mobility. In the extreme case of a very large modal overlap, peaks can totally vanish and the
frequency response function is smooth. Modes always exist but they cannot be identified by a modal analysis. The precise
values of their natural frequencies have a weak influence on the mobility and more generally on the vibrational field. In this
regime of high modal overlap, modes are not distinguishable and loss their individuality. Their utility in an effective
computation of the vibrational field is therefore questionable. In this regime, a statistical analysis is of course well suited for
a description of the vibrational field.
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Fig. 5. Effect of modal overlap on mobility. (a), low modal overlap M ¼0.2 and low mode count N ¼6. The peaks of eigenfrequencies are well separated. (b),
high modal overlap M ¼3 and high mode count N ¼192. Most of modes overlap and are not distinguishable.

3.4. Attenuation of waves
The third statistical parameter is related to wave attenuation. During their travel in tyres, vibrational rays continuously
loss energy by dissipation processes in material and ultimately vanish after a certain distance. The attenuation of waves
therefore tends to confine the energy in the vicinity of the source point. But before to vanish, the rays hit the boundaries and
are reflected several times. The multiple reflections are responsible of a mixing of energy in the plate. Thus, these two
processes attenuation and reflection are in competition, the former being responsible of a confinement of energy while the
second one tends to mix energy inside the tyre.
The mean free path is the mean length between two successive reflections of a ray. Since the tyre is modelled by a
periodic plate simply supported on the lateral edges, reflections can occur only on lateral edges. This problem is geometrically equivalent to that of rays travelling in an infinite band strip of same width. The mean free path in a tyre is therefore

l=

πb
2

(30)

where b is the tyre width. The inverse of the mean free path 1/l is the number of reflections per unit length while cg /l is the
mean number of reflections per unit time. In the tyre specified by the numerical values of parameters given in Section 2.3,
the mean free path is 0.5 m which corresponds to 209 reflections per second at 1 kHz.
Dissipation in material imposes a decreasing of energy. The energy of rays follows a time-decreasing exponential law
exp ( − ηωt ). The loss of energy per unit time is exp ( − ηω). If we admit that the rays disappear when their energy comes
down, say below 1% of their initial energy, then the time life of a ray in a tyre at 1 kHz and η = 10% is 7 ms. Since the speed of
propagation of energy is the group velocity cg, the distance-decreasing law of energy is exp ( − ηωx/cg ). With the same
criterion of 1%, the distance travelled by a ray at 1 kHz with a typical group speed cg ¼140 m/s and η = 10% is 1.0 m. This
corresponds to only one or two reflections.
The above two parameters, mean free path l and attenuation per unit length ηω/cg , combine into a single dimensionless
parameter ηωl/cg . Since the tyre is not isotropic, cg depends on the direction of propagation just as the dimensionless
parameter. For a ray with a unit initial energy and a random direction, its mean energy after a mean free path is

1
2π

∫0

2π

⎛ ηω ⎞
exp ⎜ − l⎟ dθ
⎝ cg ⎠

We may introduce the normalised attenuation factor

⎡ 1
m (ω) = − ln ⎢
⎢⎣ 2π

∫0

2π

⎛ ηω ⎞ ⎤
exp ⎜ − l⎟ dθ ⎥
⎝ cg ⎠ ⎥⎦

(31)

as the ratio of energy lost during a travel of length the mean free path. Note that for isotropic plates, this definition of the
normalised attenuation factor reduces to m = ηωl/cg which is that given in Ref. [31]. The normalised attenuation factor
measures the number of reflections undergone by a ray during its time life. A small value of normalised attenuation means a
large number of reflections and therefore a state of mixing energy (Fig. 6a). Conversely, a large value of normalised attenuation leads to a confinement of the energy in the vicinity of the source point (Fig. 6b).
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Fig. 6. Effect of wave attenuation on the vibrational field. (a), low attenuation. A long propagation ensures a large number of reflections of rays and
therefore a mixing of energy (b), high attenuation. The rays are strongly absorbed and vanish after the first reflections leading to the dominance of the free
field.

4. Vibrational regimes in tyres
This section presents the classification of vibrational regimes in tyres by their types of spatial repartition of energy.
4.1. Definition of the local energy
Let us first define the local vibrational energy. The tyre is assimilated to a prestressed orthotropic plate on visco-elastic
foundation excited by a random point force. At any point x of the plate, the twice of kinetic energy density is mv2̇ (x, t ) where
the dot denotes a time-derivative and m the mass per unit area. But the force is random, stationary and has a flat spectrum
confined in the frequency band Δω about ω0. We therefore introduce the random expectation of energy

E (x; ω 0 ) = 〈mv2̇ (x, t )〉

(32)

where the brackets denote the expectation operator. Of course, the expectation of local energy E still depends on the
variable x but not on time by virtue of stationarity of forces. The variable ω0 also appears in E to remind the centre
frequency of excitation.
In Eq. (32), the product 〈v2̇ (x, t )〉 may be interpreted as the auto-correlation function of vibrational speed
R vv̇ ̇ (τ ) = 〈v (x, t + τ ) v (x, t )〉 taken at τ = 0. But it is well-known [32] that R vv̇ ̇ (0) = ∫ Svv̇ ̇ (ω) dω/2π where Svv̇ ̇ (ω) is the power
spectral density of v ̇. Since the system is linear, Svv̇ ̇ is given by Svv̇ ̇ (ω) = |Y (x, x 0, ; ω)|2S0 where S0 is the power spectral
density of the force f at x 0 and Y the frequency response function between v ̇ at x and f at x 0 (transfer mobility). One obtains
the expectation of local vibrational energy as

E (x; ω 0 ) = S0

∫Δω m Y (x, x 0; ω) 2dω

(33)

The range of integration is Δω since S0 and therefore Svv̇ ̇ is zero outside Δω .
4.2. Spatial repartition of energy
We can now examine the spatial repartition of energy. The spatial average of vibrational energy estimated on the whole
plate A is

E (ω 0 ) =

1
A

∫A E (x; ω0 ) dAx

(34)

The spatial repartition of energy is characterised by the mean value and standard deviation. We may therefore introduce the
relative standard deviation

σ=

1
1
E (ω 0 ) A

∫A E (x; ω0 )2dAx − E (ω0 )2

(35)

as the ratio of spatial standard deviation of local energy and mean energy. The ratio s characterises the uniformity of spatial
repartition. Its definition is quite similar to the relative variance of the mean squared pressure introduced in room acoustics
to characterise the state of diffuse field [33]. Its value gives the relative fluctuations (in percentage of the mean value) of
energy from a point to another point of the tyre. Small values of s therefore indicate a uniform repartition of energy in the
whole tyre while large values of s are representative of strong spatial fluctuations.
4.3. Description of three regimes
The numerical simulation presented in this section is based on the set of mechanical parameters given in Section 2.3. The
plate has length a ¼1.78 m and width b¼0.32 m. A point-force drives the plate at x 0 = (0.867, 0.142) (origin of the frame at a
plate corner) chosen inside the contact zone in a non-symmetric position to ensure that all modes are excited. The mobility
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Fig. 7. Relative standard deviation of spatial energy repartition in the frequency, damping loss factor plane under a point-excitation. Left side, zone of
modal behaviour with few modes contributing the dynamics. Top right-hand corner (black), zone of free field where rays are highly absorbed. Bottom
right-hand corner (bright), zone of diffuse field.

has been finely calculated by Eq. (16). The total number of modes is 14,950 including all modes 0 ≤ i ≤ 149 and 1 ≤ j ≤ 50.
The highest natural frequency is 87 kHz. All modes have the same damping loss factor ηα = η . The expectation of local energy
is then calculated by Eq. (33) at 10,000 receiver points chosen at random on the plate. The frequency integration is performed over octave bands Δω = ω0/ 2 centred on ω0 with a frequency step of ηω0/4 to ensure a fine representation of the
frequency evolution. These calculations have been performed for 30 octave bands from 63 Hz to 8 kHz (the octave bands
overlap) and for 30 damping loss factors ranging from 0.001 to 1.
Fig. 7 shows the values of the relative spatial standard deviation s in the ω0, η-plane. We can observe several zones
corresponding to different states of the vibrational field. At low frequencies, on the left side of the map, we find the modal
field regime characterised by values of s of order of unit (100% of spatial fluctuations). At high frequencies and high
damping, in the top right-hand corner of the map, is the regime of free field where s can reach very large values (up to
700%). And at high frequencies and low damping, in the bottom right-hand corner of the map, we find the regime of diffuse
field. This is the regime where s is small indicating a uniform repartition of vibrational energy. These observations are
similar to those made on isotropic plates in Ref. [34].
In the regime of modal field, the dynamics is dominated by one or few modes. Since the modes of a plate are global, the
vibration extends to the entire tyre with an alternation of modal lines and antinodes. An example of modal field is shown in
Fig. 8(a). The frequency bandwidth is the octave centred on 104 Hz and the damping loss factor is η = 0.0013 which corresponds to point A in Fig. 7. The band contains only three natural frequencies (five modes) whose subscripts (i,j) are (0, 1),
(1, 1), and (2, 1). They have respectively 0, 1, and 2 wavelengths in the circumference length and one half-wavelength in the
width. The first mode is difficult to observe in Fig. 8(a). But the other two modes with respectively two and four maxima of
energy in the circumferential direction are clearly recognisable from Fig. 8(a).
The regime of diffuse field is characterised by low values of s (bottom right-hand corner of Fig. 7). In this regime, the
energy is more or less uniformly distributed over the tyre surface as shown in Fig. 8(b) for point B in Fig. 7. Two parameters
are sufficient to delimit the zone of diffuse field. The diffuse state is reached only if the mode count is sufficiently high to
ensure that no particular mode dominates the dynamics. In Fig. 7, the black broken vertical line indicates the limit N ¼50
modes per octave band. The zone of diffuse field that we may define for instance by a relative standard deviation of energy
less than 50% (σ < 0.5) is well delimited by this line on its left side (lowest frequency). As we have noted in Section 3.4 the
second condition for diffuseness is a low attenuation. The line of isovalues m ¼0.5 is plotted in Fig. 7 by a second broken line.
We may observe that this line well gives the upper limit of the diffuse field zone σ < 0.5. Note that an accurate calculation of
s at high frequencies requires a very high number of receivers (10,000 in the present simulation).
The regime of free field (or direct field) is characterised by high values of s (top right-hand corner of Fig. 7). These high
values are explained by a confinement of the energy in the vicinity of the driving point. The field being dominated by the
direct field, the energy density around the source is P exp ( − ηωr /cg ) /2πcg r where r is the source receiver distance and P the
source power in W. Since the mean energy in the plate is P/ηω , we may introduce by analogy with room acoustics the critical
distance Dc by the equality

P

exp ( − ηωDc /cg )
P
=
ηω
2πcg Dc

(36)
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Fig. 8. Examples of energy fields corresponding to crosses in Fig. 7. (a), Regime of modal field (point A). (b), Regime of diffuse field (point B). (c), Regime of
free field (point C).

When the damping term exp ( − ηωr /cg ) does not dominate the geometrical decreasing 1/r , the critical distance is

Dc =

ηω
2πcg

(37)

The critical distance gives the extent of the direct field. Beyond this limit, the vibrational field is reverberant. For instance, in
Fig. 8(c) is shown an example of vibrational response of the tyre for the octave band centred on 4 kHz with a high damping
η = 50% which corresponds to point C in Fig. 7. The critical distance is Dc ¼9 m where the group speed cg ¼225 m/s is taken
from Fig. 3(b). This critical distance being larger than the size of the tyre, this means that the vibrational field is entirely
dominated by the direct field.

5. Effect of contact zone
Actual tyres are not excited by one but by several contact points in the contact zone. In the case of multipoint excitation,
Eq. (33) must be modified. If the forces are mutually uncorrelated, then the power spectral density of vibrational speed is
2
given by a linear superposition Svv̇ ̇ (ω) = ∑j Y (x, xj; ω) Sj where xj , j = 1, 2, … are the positions of the point forces and Sj
their power spectral densities. But the point sources have the same power spectral density S0 (rain-on-the-roof excitation)
then the local energy becomes

E (x; ω 0 ) = S0

∑∫
j

Δω

2

m Y (x, x j; ω) dω

(38)

where again, the integration is performed over the octave band Δω of interest. All the rest of the calculations is similar to the
single point case. In particular, the transfer mobility Y (x, xj, ; ω) between the source xj and the receiver x is always given by
Eq. (16).
The numerical simulation is performed with the same numerical values as in Section 4.3 except that now, the number of
point forces is Ns ¼10. The positions of these point forces has been chosen at random in the contact zone defined by a square
of 10 cm length centred on the tyre (a/2, b/2).
Fig. 9 shows the map of relative standard deviation s in ω, η-plane for a multipoint excitation. The same three regimes,
modal, diffuse field and free field are of course present. But compared with Fig. 7, we may observe that the diffuse field zone
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Fig. 9. Relative standard deviation of spatial energy repartition in the frequency, damping loss factor plane under a contact zone. Black solid line, realistic
frequency-damping law.

is enlarged. The repartition of excitation over the surface of the tyre tends to homogenize the energy. In the limit case of a
uniform excitation over the full surface would lead to a diffuse field whatever the level of damping. The solid black line in
Fig. 9 indicates the actual position of a tyre for a typical evolution of the damping loss factor. It is apparent that the zone of
diffuse field is never reached by actual tyres. The transition from low to high frequencies is made without passing in the
diffuse field zone. Actual tyres therefore experiment only two regimes, the modal regime at low frequencies and the free
field regime at higher frequencies. Above the transition frequency (400 Hz in the present simulation), the vibrational energy
remains confined in the vicinity of the contact zone. This conclusion is well confirmed by experimental observations [35].

6. Conclusion
In conclusion, the model of prestressed orthotropic plate on visco-elastic foundation shows that the vibrational behaviour of a tyre may be separated in two distinct frequency bands.
At low frequencies, the elastic foundation imposes a cut-on frequency for wave propagation. Above cut-on, a single wave
propagates with a speed dependent on the direction. The dispersion relationship (23) shows that all effects are important in
the resulting dynamics including the elastic foundation, tension of membrane imposed by inflating pressure and bending
rigidity due the structural composition of tyres. At low frequencies, the point mobility presents well separated peaks at the
first natural frequencies of tyre. In this modal regime, the dynamics is dominated by few modes (typically of order of six)
whose modal overlap is relatively low (less than 0.2).
At high frequencies, beyond 400 Hz in the present simulation, the mode count and the modal overlap increase drastically. The dynamics is mainly driven by bending effects. The behaviour of individual modes is longer observable on point
mobility. In this non modal domain, the geometrical acoustics approach is valid and the energy field may be described in
terms of rays. Rays propagate in straight lines but with a speed depending on the direction.
The transition from low to high frequencies has been investigated in the frequency, damping loss factor plane. In general,
three regimes exist in plates which are the modal, diffuse field, and free field regimes. For realistic tyres, damping is relatively high and increases with frequency. The actual trajectory in the diffuse field map of Fig. 9 shows that at low frequency, the field is modal while at high frequencies, above 400 Hz, the attenuation per mean-free-path is high and the free
field dominates. The transition from the modal regime to the free field regime is direct and the diffuse field state is generally
not reached by actual tyres.
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